AN OBSTRUCTIONS TO NON-NEGATIVE CURVATURE ON 
BUNDLES WITH PULL-BACK CONNECTIONS 



L. D. SPERANQA 



Abstract. Motivated to study the geometry of the exotic spheres constructed 
in [5], we derive a necessary condition for non- negative sectional curvature in 
certain total spaces of Riemannian submersions with totally geodesic fibers. 
In particular, we derive a condition on the metric of the original base space 
and prove that the bundles in [5] and pQ have sections of negative curvature. 



1. Introduction 

Recall from [2] that, for a Riemannian submersion with totally geodesic fibers 
7r : P — >• N, the vertizontal sectional curvatures of a plane X A U in P is given by 
secp(X, U) = \A^ X U\ 2 , where is the dual, with respect to gp, of the integrability 
tensor of ir. In particular, a necessary condition for positive curvature on P is the 
non-degenerancy of A. In this case, ir : P — > N is called a /ai-bundlc. 

By the other hand, [4] proves that, there exists a universal bundle Vk — > Gk 
with connection ujq such that, if ir : (P,gp) — > (M,gM) is a 0(k) or U(k) principal 
bundle with connection 1-form w, then, there is a bundle map $ : P — > Vk such 
that $*wo = <jJ. In fact, Vk — > Gk are exactly the respective Grassmanians. In 
particular, the universal principal U(l) = S^-bundle is fat. 

In this work we assume that the degenerancy of the A-tensor in a bundle 
P' — > M is given in a controlled way and prove a necessary condition for non- 
negative sectional curvature on P' . In fact, we prove the following 

Theorem 1.1. Let f*P — > M be the pull-back of a fat Riemannian submersion 
with a connection metric with induced connection. Then, if M is compact and f*P 
has non-negative sectional curvature, f~ 1 (a) is a totally geodesic submanifold of M 
for every regular point a 6 N of f . 

At the end, we prove that, for any metric in S 8 or S 10 , the bundles with con- 
nections as in Theorem 4.3 of [5], whose total spaces admit isometric actions with 
exotic spheres as quotients, have sections of negative curvature. 

Here, we confound the terms submersion and bundle, when we discuss connection 
metrics, since they are known to be equivalent ([2]). We follow the notation and 
conventions of [2]. 
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(2.1) 



2. Graphics and Pull-back Bundles 

We start with a charecterization of the normal space of a graph and its second 
fundamental form. Then, we connect it to the study of the metric defined by the 
standard embedding of a pull-back bundle. Afterward, we show that connection 
metric with the pull-backed connection can be realized in this fashion, as far as M 
is compact, then we proof Theorem l2.5l 

Let (M, 3m) and (N, g x ) be Riemannian manifolds and / : M — > N be a smooth 
map. We consider the graph of f, Tf, as the subset 

T f = {(x,y)eMxN\y = f(x)}. 

Let F : M Tf be the diffeomorphism defined by F(x) — (x,f(x)) and observe 
that, for uT / , the normal space to F, F*{yY f) = f*TN. An isomorphism is given 
by the map (~ N ) X : T f(x) N -> uT f defined by 3 N (Y) = {~df f (Y),Y), where 
g M (dp(X),Y) = g N (X,dfY) being T(M x N) = TM x TN identified in the 
natural way. We also define the isomorphism S : TM © f*TN -> F*T(M x N) as 
E(X,Y)=dF(X)+E N (Y). 

Writing the vector (X, Y) G T{M x N) as a column, one can verify that 

f x\ ( (l + dpdf)- 1 dfHi + dfdpy^ fx" 

Y) {-dfil + dpdf)- 1 (1 + dfdp)- 1 J\Y / 
In particular, for pr u r f , the orthogonal prjection to vT f, we have 
Lemma 2.1. For (X, Y), (X', Y') G T{M x AT), 

9M x . 9A r (pr„ r/ fj) , y/ ) = 5a((1 + dfdp)-\Y - df(X)),Y' - df(X')). 

Proof. The lemma follows by noticing that 

— i _ -d/ f \ f o 

pr„ r/ - a.pr f . TN a. - ^ j j + d/ t d/) -i (1 + d/d/t)-i 

and d/(l + d/td/)" 1 = (1 + dfdp)~ l df. D 

Let n(X, y) = Y - df[X) G /*TA and O = (1 + dfdp)-\ so pr„ r/ = 11+011. 

Let A" = (X, Y) and A' = (X\ Y') be two vector fields in T f arbitrarly extended 
to M x N. Noticing that Y = df(X) and Y 1 = df(X r ), we have that, for V, \7 M 
and V M , the covariant derivatives associated to gu x gjy, gM and gjsr, 

V^A' = (Vf X',V$Y'). 

In particular, we can think of W% x dfX' — VyY' as a well-defined vector-field, 
being the second fundamental form, II/ , of Tf completly determined by 

(2.2) d 2 }{X, X') = U(V dF{x) dF(X')) = V% x dfX' - df (Vf X'). 

In fact, 

llf(X,X') = yr vVj Xi x X' = I^OTTV x X' = TJOd 2 (X,X'). 

It follows that d 2 f is a simetric (2, l)-tensor. 

Now, let 7r : (P,gp) — > (N,g x ) be a Riemannian submersion. We define 
tf/ : f*P -> M, the pull-back of vr as the manifold /*P = {(x,p) gMxP f{x) = 
7r(p)} endowed with the restriction of the projection to the first coordinate. We 
write (, ) for gM x gp and consider /*P as a submanifold of M x P. We denote by 
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Hp and V p the horizontal and vertical subspaces of T P P and by C p : T^^N — > P 
the horizontal lift. We observe that 

Proposition 2.2. Let ff = (id X 7r) : M X P — > M X N. Then, the restriction 
of n to f*P — > r f is a Riemannian submersion. Furthermore, the derivative of tt 
induces an isometry V( X . P )P — > V( x .f(x))^f for every (x,p) € f*P- 

Proof. We first observe that 

T {x , P )f*P = {(X,E) e T X M x T p P | df x {X) = d7r p (E)}. 

In particular, Vr x>p \ = {(0,v) \ v € V" } and vi xp \f*P C T X M xTL p . Since idxd7r p is 
an isometry when restricted to T^M x % p and it sends 
(T X M x Hp) n T {XtP )f*P to TT/, it sends vectors orthogonal to Tf*P to i/T/ 
in an isometric way. Now, the first statement follows by noticing that tildeX = 
(X,Cp(df x (X))) £ T( x , p )f*P and is orthogonal to {0} x V p = V( X)P ). But, 

\\{X,C p {df x {X)))\\l^ P = \\X\W, + \\df x (X)\\% = \\dn(X,C p df x (X))\\ 2 MxN . 

□ 

For the rest of the paper, we assume that the fibers of tt are totally geodesic, and, 
first reduce the proof of Theorem 1 1.1 1 to the case of pull-back bundles. With effect, 
let (f*P,g'p) — > (M,gM) be a submmersion with a connection metric induced by 
the connection in ir : P — > N , with isometric fibers in both bundles. Then 

Proposition 2.3. // M is compact, then, there exists a metric g' M on M , e > 
and an isometry (f*P,gp>) — > (f*P,g' M x g'p), where g P is the connection metric 
associated with eg^ and the connection in tt. Furthermore, given a € N, for any 
submanifold L C / _1 (a) C M, the second fundamental form of L on the metrics 
gM and g' M coincide. 

Proof. Since connection metrics are specified by the connection and the metric 
in the base, according to what was discussed so far, for the first statement, it is 
sufficient to prove that there is a metric g' M and e > such that, the graph of 
/ : (M,g' M ) — >• (N,eg]y) is isometric to (M, <?m)- Write df^ for the dual of df with 
respect to <?m and g^ and let e > be a real number such that 1 — edfdf^ is still 
positive definite. Then, for g' M = (1 — edfdf^)gM we have that the metric in the 
graph of / : (M, g' M ) -> (N, eg N ) is 

F *(9m x 6 9n) = g' M + e/*5v = gM - ef*g N + ef *g N = g M 

as desired. Now, let X,Y be vector fields of L. We observe that, for Z, a vector 
field of M restricted fo L we have 

(2.3) g' M (X, Z) = g M (X, Y) - eg N (dfX, dfZ) = g M (X, Y) 

since the entire tangent bundle of L is contained in the kernel of df. In particular, 
the normal bundles and the intrinsic metrics of L coincide for both metrics. It 
proves the assertion, since the second fundamental form of a fixed submanifold just 
depends on the normal projection - with effect, recall that U(X, Y) = \ [X, Y]. □ 

Proceeding to the second fundamental form of the pull-back bundle, we write 
A(X,Y) = \pr v [pr H X,pr H Y], for the A-tensor of tt and 5P (A^C7, F) = gp(U, A(X, Y)). 
We have 
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Proposition 2.4. If X = (X,Y),X' = (X',Y') are vector fields on f*P, then 

dwII(X, X') = H^O{d 2 f(X, X') + A{Y, Y')), 
where A(Y,Y') = (0, d-K{—A Y Y' — A Y 'Y)). 
Proof. From [2J, we have 

dirVyY 1 = V^ydirY' - dn(A\,Y + A Y Y'). 
So, for Z = {X" , Y"), a normal vector and 3m x n = 9m x 9n> 
(ll(X,Y),Z) = <pr vf .p(y%X',VZY'),Z) 

= g M xN(prvr,dn(V% X' , V Y Y'), dirZ) 

= 9MxJV (ntOn(Vf X', V^ydirY' - dn(A Y ,Y + A Y Y')),dnZ) 

= g MxN (tfo(d 2 f(x, x') + A(y, Y%dfZ). a 

The following lemma culminates in Theorem ll.il 

Lemma 2.5. If f*P — > M has non-negative curvature, then 

A(COd 2 f(X,X),CdfZ) = 0. 

Proof. We recall that, given three vectors X, Z, U, for R, the (4, 0)-curvature tensor, 
we have 

R(X, tU + Z,tU + Z, X) = t 2 R(X, U, U, X) + 2tR(X, U, Z, X) + R(X, Z, Z, X) 

In particular, if R(X, U,U,X) = 0, R(X, tU + Z,tU + Z,X)>0 for all t if and only 
if R(X, Z, ZX) > and 

(2.4) R(X,U,Z,X) = 0. 

By the other hand, writing Rm, Rn and Rp for the (4, 0)-curvature tensors of 
M, N and P, respectively, Gauss formula together with Proposition 12.41 gives us 

R(X', X, X, Z) = R M {X', X, X, X") + Rp(Y', Y, Y, Y") 

+ g N (0(d 2 f(X, X) - 2A* Y Y), d 2 f(X', X") + A(Y> , Y")) 

- g N (0(d 2 f(X, X') + A(Y, Y')),d 2 f(X, X") + A(Y, Y")) 

Where X,X' and Z are as in Proposition 12.41 Observing that, if X G ker df, 
X = (X, 0) is horizontal in f*P, and taking U — (0, U) a vertical vector and 
Z = (Z, CpdfZ) an horizontal vector, we conclude that 

(2.5) R(U,X,X,U)=0 
and 

R(U, X, X, Z) = g N {Od 2 f(X, X),d 2 f(0, Z) + A(U, C p dfZ)) 

(2.6) = -g P (A(CdfZ,COd 2 f(X,X)),U) 

So, condition (g3J holds for every U if and only if A(CdfZ, COd 2 f(X, X)) =0. □ 

Proof of Theorem ] Now, for 7r(p) = a G N and tt fat, the map Sx : T a N V p 
defined by 

Y ^ A(C p Od 2 f(X,X)X P Y) 
is surjective if and only if d 2 f(X,X) ^ 0. In particular, dim ker > dimiV — 
dimV if and only if d 2 f(X,X) — 0. By the other hand, condition (|2.4[) implies 
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that df(T x M) C kerSx, so, if a is a regular point dimker^x > dimdf(T x M) = 
dimiV > dimJV - dim V. 

Since, in a regular point, we always can choose an extension X of X such that 
dfX — 0, we have 

d 2 f(X,X) = V% fx dfX - d/(Vf X) = -d/(pr (ker#) xVf X) 

We conclude the proof by observing that pr^ kcl d fj±V x X is the second fundamental 
form of f~ 1 (a) and that df is injective on (kerdf) . □ 

3. An Application to the study of Exotic Spheres 

Given a pull-back bundle f*P — > M with the induced connection, Theorem 
11.11 gives an obstruction for the problem of finding a metric in M such that the 
respective connection metric has non- negative curvature. I.e., for any such metric, 
the regular level sets of / must be totally geodesic. Assuming then, that a metric 
satisfy this condition, we have 

Lemma 3.1. Let c : [0, 1] — > N is a curve such that c(0) is a singular point and 
c(t) is regular for all t > 0. Then, the regular level sets / _1 (c(i)) are isometric 
to / (c(l)) for t > and there is a totally geodesic embedding / _1 (c(l)) <—} 

/- x «o)). 

From this lemma, we conclude that singular level sets must have, at least the 
dimension of near fibers. In particular it implies that there is no metric on S s or 
5 10 such that the bundles (—hrjs)*S 7 or (— hbio)*S 7 have connection metrics with 
non-negative curvature, where 77 : S 3 — > S 2 and h : S 7 — > S 4 are the Hopf bundles 
and ?78 and &10 are analytic suspensions of r\ and a generator of ttqS 3 given in [?]. 
By the other hand, these bundles admit S 3 actions (which are isometric for many 
metrics and connections) with quotients exotic spheres. 

Proof of Lemma\3Jk Write L = / _1 (c(l)) and S = / _1 (c(0)). From [3], we now 
that the curve c induces isometries 4>t '■ / -1 ( c (l)) — ► / _1 ( c (^))- So we have an 
embedding i : (0, 1] X L — > M. Now, we can find an embeddin i : [0, 1] X L — > M 
by taking i(0,x) — \imt^oi(t,x). it defines a continuos bijective map ig : L — >• 
M, smoothnes is guaranteed by extending the vector fields X(t) — din )X \(0,X) 
and geodesies doesn't go out of L since both exponential and distance maps are 
continuos and 

= \hn(d(j X (t)(s),S)) = d(-y x{0) (s), S), 

being 7x(s) the geodesic of the vector X at instant s. □ 

We also would like to remark that, fot the -ffop/-bundles n, h and H : S 15 — > S 8 , 
the proof of Theorem 11.11 also demonstrates that: 

Theorem 3.2. Let f*P — » AI be a submersion induced by one of the Hopf-bundles 
above with the induced connection. Then, if i&nkdf x > 1 for all x and f*P has 
non-negative sectional curvature, then, any level set of f is totally geodesic. 

An example of map that violates this condition is the geodesic two fold P2 ■ 
S n -> S n starting at e G S n , defined by 

cosieo + s'mtX h-> cos2teo + sin2iA, 
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where X g T eo S n . In the general case of a geodesic fc-fold, the condition given by 
Lema [23] can also be verified. We believe that, in certain sense, these are the only 
maps in the case where N is a round sphere, in the sense that, if an analytic map 
gives a connection metric with non-negative curvature, that it is a composition of 
a (non-Riemannian) submersion with a map like this. 
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